Abstract. We compute the limit of tangents of an arbitrary surface. We obtain as a byproduct an embedded version of Jung's desingularization theorem for surface singularities with finite limits of tangents.
Introduction
Let S be a singular surface of the germ of a complex analytical manifold M at a point o. Theorem 2.3.7 of [5] states that the limit of tangents Σ o (S) is the union of the dual of the tangent cone C o (S) of S with a finite set of projective lines of P * o M . Theorem 1.4.4.1 of [6] gives a criteria to decide if a certain projective line is contained or not in Σ o (S), provided a non degeneracy condition is verified. The proof relies on a commutative diagram
where S is the strict transform of S by the blow up π : M → M of M at o, and Γ is the conormal of S. Hence S ⊂ M , S ⊂ M and Γ ⊂ P * M :
The surface Γ has a more enigmatic status. If we had an immersion of Γ into a manifold X endowed with a symplectic structure we could iterate the process, blowing up M and eventually lifting the need for the non degeneracy condition. Unfortunately there can be no such symplectic structure on X . Theorem 8 presents a new proof of Theorem 2.3.7 of [5] . It sheds a new light on the problem. Set E = π −1 (o). There is a vector bundle T * M /E on M with sheaf of sections the locally free O M -module of logarithmic differential forms on M with poles along E. Let π M : P * M /E → M be the associated projective bundle. There is a commutative diagram (1)
where π is blow up of P * M along π a Legendrian variety of P * M /E , the strict transform of Γ by π and the conormal of S.
There is a canonical embedding of the projective cotangent bundle P * E into P * M /E . Moreover, Γ ′ = Γ ∩ π −1 M (E) is contained in P * E and Γ ′ is a Legendrian variety of P * E. Since π M (Γ ′ ) = S ∩E, there are σ 1 , ..., σ n ∈ S ∩E such that
Here P * S∩E E denotes the conormal of the curve S ∩ E, the smallest Legendrian curve of P * E that projects on S ∩ E, and P * σ i E denotes the fiber at σ i of P * E. The restriction of π to P * E defines a map
Moreover,
More precisely, the dual curve of S ∩ E is the image of the Legendrian curve P * S∩E E and the pencils of planes are the images of the projective lines P * σ i E. There is a natural logarithmic generalization of the notion of limit of tangents. The surface Γ is the conormal of the surface S, in a sense that will be precised in section 2. We call Σ E σ ( S) = Γ ∩ π −1 M (σ) the logarithmic limit of tangents of S at σ, with poles along E. We reduce in this way the computation of the limit of tangents of a surface to the problem of deciding if, given σ ∈ S ∩ E, Σ E σ ( S) = P * σ E or Σ E σ ( S) is finite. This problem is solved by Theorem 24.
The introduction of the notion of logarithmic limit of tangents allows us to iterate the construction that gives us a new proof of Theorem 2.3.7 of [5] . In order to compute the limit of tangents we need to introduce a canonical process of reduction of singularities for surfaces. In general this process will terminate before we desingularize the surface S, giving us enough information to compute the limit of tangents of S. If the limit of tangents of S is finite, the process will terminate when all singular points of some strict transform of S are quasi ordinary. See Theorem 25. We obtain in this way an embedded version of Jung's desingularization algorithm.
Let C be the singular locus of S. Roughly speaking, the algorithm of reduction of singularities proceeds in the following way:
(a) We blow up M at o; (b) Given a regular point σ of the inverse image N of o by the sequence of blow ups, we blow up σ if σ is a singular point of the strict transform C of C or C is not transversal to N at σ. (c) If a strict transform S of S by the sequence of blow ups contains a connected component W of the singular locus of N , we blow up W .
(d) If σ is an isolated point of S ∩ W , there is a local plane projection ρ such that ρ −1 (ρ(N )) = N . If the germ at ρ(σ) of the discriminant ∆ ρ S is not contained in ρ(N ), we blow up W . In cases (c), (d) this algorithm works in a very similar way to Jung's algorithm. In case (b) the singular locus of S takes the place of the discriminant of S.
In section 2 we introduce some basic notions of Logarithmic Contact Geometry. In section 3 we introduce the notion of logarithmic limits of tangents and compute logarithmic limits of tangents of quasi-ordinary surfaces. The fact that a surface S is quasi-ordinary relative to a given projection does not mean that it is quasi ordinary relatively to another projection. The situations changes if the limit of tangents of the surface is finite. This fact is a key argument in the proofs of Theorems 6 and 7. These Theorems relate the logarithmic limit of tangents of a surface with its discriminant, in the spirit of one of the statements of Theorem 1.4.4.1 of [6] . Section 5 studies the logarithmic limits of tangents Σ N σ (S) when σ is a singular normal crossings point of N . Here the main tool is the first sequence of blow ups. It reduces the computation of Σ N σ (S) when σ is a singular point of N to the computation of Σ N σ (S) when σ is a regular point of N . In section 6 we study the behaviour of Σ N σ (S) by blow up when the non degeneracy condition C σ (S) does not contain C σ (N ) is verified.
In section 7 we study the behaviour of Σ N σ (S) by blow up without assuming the non degeneracy condition. This is the longest and the more technical section of the paper. In Differential Geometry it is sometimes unavoidable the use of long computations involving systems of local coordinates. Here the main tool is the second sequence of blow ups, that will be the building block of the reduction of singularities procedure that decides if Σ N σ (S) = Σ N σ , when σ is a regular point of N .
In section 8 we state the main results and use them to compute several limits of tangents.
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Logarithmic Contact Geometry
All manifolds considered in this paper are complex analytic manifolds. Let N be a normal crossings divisor of a manifold M . We will denote by Ω 1 M N the sheaf of logarithmic differential forms on M with poles along N . If N = ∅, Ω 1 M N equals the sheaf Ω 1 M of differential forms on M . We will denote by T * M/N the vector bundle with sheaf of sections Ω 1 M N . We call π M : T * M/N → M the logarithmic cotangent bundle of M with poles along N . If N = ∅, T * M/N equals the cotangent bundle
There is a canonical logarithmic 1-form θ N on T * M/N that coincides with the canonical 1-form θ of T * M outside of π
We call the projectivization π M : P * M/N → M of T * M/N the logarithmic projective cotangent bundle of M with poles along N . Example 1. Assume (x 1 , ..., x n ) is a system of coordinates on a open set U of M such that N ∩ U = {x 1 · · · x ν = 0}. Given a differential form ω on U there are holomorphic functions a 1 , ..., a n ∈ O M (U ) such that
Assume dim M = n. Let Γ be an analytic subset of dimension n of T * M . We say that Γ is conic if Γ is invariant by the action of C * on the fibers of T * M . We say that Γ is a Lagrangian variety if the symplectic form dθ of T * M vanishes on the regular part of Γ. Notice that Γ is a conic Lagrangian variety if and only if θ vanishes on the regular part of Γ.
We identify M with the graph of the zero section of T * M . There is a canonical map γ : T * M \ M → P * M . We say that an analytic subset Γ of P * M is a Legendrian variety of P * M if γ −1 (Γ) is a (conic) Lagrangian variety of T * M .
Let S be a closed irreducible analytic subset of M . We call conormal of S to the smallest Legendrian variety Γ of P * M such that π M (Γ) = S. We will denote it by P * S M . If S has irreducible components S i , i ∈ I, we set
We say that Γ is a Legendrian variety of P * M/N if Γ ′ is a Legendrian variety of P * (M \ N ) and Γ is the closure of Γ ′ .
Let S be an analytic subset of M such that S equals the closure of S \ N . We call conormal of S to the closure P * S M/N of P * S\N (M \ N ) Given an irreducible Legendrian variety Γ of P * M/N , Γ = P * S M/N , where S = π M (Γ). The proof follows the arguments of the equivalent proof in the classical case.
Lemma 2. (see [8] ) Assume N smooth. Then there is a canonical immersion of P * N into P * M/N . If Γ is a Legendrian variety of P * M/N , then
Moreover, Γ 0 is a Legendrian variety of P * N . If N is empty we get the usual definition of limit of tangents of S at o. If N is smooth, set Σ
Let ρ be a submersion of M into a smooth surface X. We say that ρ is compatible with
Let Ξ ρ (S) be the apparent contour of S relatively to the projection ρ. Let ∆ ρ (S) = ρ(Ξ ρ (S)) be the discriminant of S relatively to ρ.
Assume ρ is compatible with N . We call the closure Ξ N ρ (S) of Ξ ρ (S) \ N the logarithmic apparent contour along N of S relatively to ρ.
We call logarithmic singular set of S with respect to N to the closure Sing N (S) of Sing(S) \ N , where Sing(S) is the singular locus of S. We will fix systems of local coordinates (x, y, z), [(x, y)] on M [X] such that o = (0, 0, 0) and ρ(x, y, z) = (x, y). We set ∆ z (S) = ∆ ρ (S). Consider the first case. The surface S admits a parametrization
where ϕ ∈ C{t, y} and ϕ(0, 0) = 0. Replacing (2) in
we conclude that P * S M/N is contained in the image, by (t, y; ξ : η : ζ) → (t k , y, t n ϕ(t, y); ξ : η : ζ), of the set defined by the equations
The proof in the second case is similar.
Given σ ∈ S, let m σ (S) denote the multiplicity of S at σ.
Lemma 5.
Assume N = {x = 0}, S admits a fractional power expan-
Sing N (S) = {y = z = 0}. The following statements are equivalent:
Proof. The equivalence between (c) and (d) follows from well known facts on quasi-ordinary surfaces. The prove that (a) follows from (c) is similar to the proof of Lemma 4. Moreover, (a) implies (b). Assume µ < 1. There are positive integers m, n, k such that n < k and
is a parametrization of S. Replacing (4) in (3) we conclude that
Setting s = Ct m/(k−n) in (5) and taking limits we conclude that
Hence the limits of tangents along the curves . Proof. We can assume S irreducible. There is a system of local coordinates (x, y, z) centered at o such that N = {x = 0} and S = {F = 0}, for some F ∈ C{x, y, z}.
Assume o ∈ Ξ N ρ (S). Then S admits a fractional power series expansion z = ϕ(x 1/d , y), where ϕ ∈ C{x 1/d , y}, for some positive integer d, and there are a ℓ ∈ C{y} such that x = t k ,
In order to prove the other implication it is enough to show that, for each λ ∈ C,
Let us prove (7) .
There is ψ ∈ C{t, y} such that h(t, y + λψ(t, y), z) = 0. Hence (8) ψ(t, y) = ϕ(t, y + λψ(t, y)) and G admits the fractional power series expansion z = ψ(
Proof. We can assume that S irreducible, N = {x = 0} and Sing N (S) = {y = z = 0}. Therefore S admits a fractional power expansion
where ϕ ∈ C{x, y}, ϕ(0, 0) = 0 and µ, ν ∈ Q, for some positive integer d.
After an eventual a change of coordinates, we can assume (µ, ν) ∈ Z 2 . Let us show that the condition is sufficient. Since Sing
Therefore it is enough to show that, for each λ ∈ C,
Assume that there is ψ ∈ C{t, s * } such that
There are
Replacing (9) in y * = y − λz, we conclude that
Replacing (11) in (12), we show that
There are c α,β ∈ C, depending only on the b α,β 's, such that
we can rewrite equality (13) as
Hence ψ is well defined. Furthermore, ψ(0, 0) = λ/d. Hence, for each λ ∈ C * , S admits a fractional power series expansion
A logarithmic version of a classical result
Let M be a germ of a complex manifold of dimension 3 at a point o. (1) commutes. We will also denote by π the bimeromorphic map from a dense open set of T * M /E into T * M that induces π.
Let ℓ be a line of T o M that contains the origin. Let Σ ℓ be the set of planes of T o M that contain ℓ. Let γ be the germ at o of a smooth curve of M with tangent space ℓ. The point o ℓ where the strict transform of γ intersects E does not depend on γ.
Theorem 8. Let S be a surface of M . Then Σ o (S) is the union of the dual of the projectivization of C o (S) and a finite set of projective lines of
The Theorem follows from (16).
The First Sequence of Blow-Ups
Let M be a germ of a complex manifold of dimension 3 at a point o. Let ρ be a submersion of M into a smooth surface X. We will fix systems of local coordinates (x, y, z),
The following statements hold:
(a) The map π induces a linear isomorphism π :
in a neighbourhood of o 1 . Statements (b) and (c) follow from statement (a).
Statement (d) follows from (22) and statements (b) and (c).
. Let S ℓ+1 be the strict transform of S ℓ by π ℓ+1 . By the universal property of the blow-up there is a map ρ ℓ+1 : M ℓ+1 → X ℓ+1 such that ρ ℓ π ℓ+1 = τ ℓ+1 ρ ℓ+1 . Moreover, ρ ℓ+1 is a submersion. Hence we can iterate the process.
There is an integer L such that D L = ∅. Hence the procedure described in paragraph 10 will terminate. Set π = π 1 • · · · • π L . We call the map π : M L → M the first sequence of blow-ups.
Theorem 11. Assume N has two irreducible components and S ∩N σ = {o}. There are positive integers a 1 , ..., a n , b 1 , ..., b n such that 
Assuming 
We say that S is non degenerated
Lemma 12.
There is an open set P • M 0 /N 0 of P * M 0 /N 0 and an holomorphic map π 0 :
Proof. Assume M is an affine set with coordinates (x, y, z) and N = {x = 0}. The manifold M 0 is the gluing of the open affine sets V i , i = 1, 2, 3, with coordinates (
Let π 0,i be the restriction of π ′ 0 to π
.
where
Therefore π 0,2 is defined outside of {y 2 = η 2 − ξ 2 = ζ 2 = 0}. Since ξ 2 = x 2 ξ ′ 2 , when x 2 = 0, π 0,2 is defined outside of the union of the sets
We apply the same reasoning to V 3 .
We can assume that σ is the origin of V 2 . Let γ be an irreducible component of the germ of L at σ. There is a local parametrization of γ of the type
such that k 1 , k 2 are positive integers, (k 1 , k 2 ) = 1, ε 1 , ε 2 ∈ C{t} and ε 1 ≡ 0. Furthermore, we can assume (a) if ε 2 ≡ 0, ε 1 ≡ 1 and
where j, n ∈ {1, 2} and j = n. Therefore P * γ (N 0 \ N ) admits a parametrization
Hence L is a projective line. Assume ε 2 (0) = 0. Then k 2 − k 1 = 0. Hence we can assume k 2 = 1, ε 1 = 1. Replacing k 1 , k 2 and ε 1 in (25), we conclude that ε ′ 2 = 0. Therefore ε 2 ∈ C * . Hence L is a projective line. 
Proof. By Lemma 13, S 0 ∩ E is a union of projective lines L i , i = 1, ..., n. Since S is non degenerated, there are σ 1 , ..., σ n such that
Moreover, there are points o 1 , ..., o m of (S 0 ∩ E) \ N such that
By the arguments of Lemma 13, π 0 (P * 
The Second sequence of Blow-ups
We will introduce a generalization for surfaces of a construction for curves that was introduced in [3] . Given non negative integers a 0 , a 1 , ..., a g assume that a 1 , ..., a g ≥ 1 or g = 1, . Notice that α s and α b are the only rationals such that α sπ = α bω = α. Moreover, α sω = α ω , α bπ = α π ,
e α + e απ = e α b and e α + e αω = e αs . Let N k be a normal crossings divisor of a manifold M k of dimension 3. Let S k be a singular surface of M k . Let Z k be the union of the connected components of the singular locus of N k that are contained in S k .
We iterate the process defining π k+1 : M k+1 → M k as the blow up of M k along Z k , defining S k+1 as the strict transform of S k by π k+1 and setting
This process will terminate after a finite number k 0 of steps. The intersection of S k 0 with the singular locus of N k 0 is a finite set. We will now perform the first sequence of blow-ups at each point of this intersection.
We obtain in this way a map π : M → M , a normal crossings divisor N of M and a singular surface S of M . We call π : M → M the second sequence of blow-ups.
Let M (α) be the gluing of the affine sets U α,i , with coordinates (u α,i , v α,i , w α,i ), i = 1, 2, 3, 4, by the transformations
Lemma 16. Assume M is an affine set with coordinates (x, y, z), N = {x = 0}, o is the origin and k ≥ 1. Then the following statements hold: There are finite sets
For each α, Z α is a projective line.
Proof. The manifold M 0 is the gluing of the affine sets V i introduced at the proof of Lemma 12. Remark that Z 1 is a projective line contained in V 2 ∪V 3 . Moreover,
. we conclude that the lemma holds for k = 1.
Assume
in such a way that π α b is as proposed in this Lemma, we conclude that
and w α b ,3 = w α,3 = w α,1 = w α b ,1 .
Let π (α) : E (α) → Z α be the restriction of π α . Let C be an irreducible curve of E (α) . We say that C is well behaved if C is a fiber of π (α) or C is the graph of a section of π (α) such that C ∩ Z α b = ∅ and C intersects Z α s at exactly one point with multiplicity e α .
We are now able to state the main theorem of this section. We will prove it at the end of the section. (a) The tangent cone of S is not a union of planes (b) There is an integer k and an irreducible component of
We have contact transformations
There is a system of coordinates
is the restriction to W α,i of the canonical 1-form of
Proof. If i = 1, 3, the pull-back by π k+1 | W α b ,i of (26) equals
There is a canonical embedding of
is the restriction to W ′ α,i of the canonical 1-form of
Proof. Assume α > 1. Let
be the canonical 1-form of T * M/N , the restriction to π
The result follows from the fact that the restriction of π 0 to
and π 1 is given by
The proof in the case α < 1 is similar. Remark that e α −1 = e α .
Lemma 20. For each α and each curve C of E (α) , C intersects Z α .
Proof. Assume that C does not intersect Z α . The intersection of C with U ′ α,3 is defined by a polynomial
. Hence a 0 ∈ C * . There is an integer µ ≥ 0 such that C ∩ U ′ α,1 is given by the polynomial
Since C does not intersect Z α , µ = 0. The intersection of C with U ′ α,2 is defined by Hence there is λ ∈ C * such that a ℓ (t) = λt eαℓ . Finally, C ∩ U ′ α,4 is given by . Therefore a ℓ ∈ C * , which leads to a contradiction.
Lemma 21. Let C be an irreducible curve of E (α) . The image by υ k of
By Lemma 20, C intersects Z k at a point o 1 . Let C 1 be a branch of the germ of C at o 1 . Then C 1 = {w α,i = c} or C 1 admits one of the following parametrizations
where b ≥ a and ε is a unit of C{t}. In the first case C 1 is well behaved. Assume C 1 admits the first parametrization. Setting Γ 1 = P * C 1 E k /Z k , Γ 1 admits a local parametrization given by (27) and p i = (t b /a)(bε + tε ′ ). Therefore υ k (Γ 1 ) contains the set of points p such that
and |t| << 1. This set is finite if and only if ε is the solution of an ODE tε ′ + λε = 0. Since ε is a unit, λ = 0. Hence a = (−1) i be α . Since a, b, e α are positive, i is even. Hence C cannot intersect Z α s . Moreover, C ∩ U ′ α,i is described by an equation of the type
Hence C 1 is the graph of a section of π (α) . The remaining case can be treated in a similar way. Remark that in each case C = C 1 . Let C be a section of π (α) verifying the statements of the lemma. Then C is a section of the restriction
is a line bundle of degree e α and C has a zero of order e α , C is of the type (28). Assume (a), (b), (c) do not hold. Since (c) does not hold, the closure of
We show by induction in ℓ, using theorems 11 and 14 that
is the closure of P *
Since (a) does not hold, it follows from Theorem 14 that π 1 (P * S 1 ∩F 1 F 1 ) is finite. Since (b) does not hold, it follows from Lemma 21 that υ ℓ (P * S ℓ ∩F ℓ F ℓ ) is finite, for 2 ≤ ℓ ≤ k.
Main Results

22.
Let N 0 be a smooth surface of a germ of a manifold M 0 of dimension 3 at a point o. Let S 0 be a surface of M 0 that does not contain N 0 .
Let N k be a normal crossings divisor of a manifold M k of dimension 3. Let S k be a singular surface of M k that does not contains any irreducible component of N k . Assume Sing N k (S k ) does not intersect the singular locus of N k .
Let σ ∈Sing N k (S k ) ∩ N k . Assume the germ of Sing N k (S k ) ∩ N k at σ is not smooth or is not transversal to N k . If S k is non degenerated at σ, we blow up M k at σ followed by the first sequence of blow ups. Otherwise we perform the second sequence of blow ups at σ. After modifying M k at each point of the finite set Sing
. Let S k+1 be the strict transform of S k by π k+1 . Applying, accordingly, the first sequence or the second sequence of blow ups, we guarantee that Sing N k+1 (S k+1 ) does not intersect the singular locus of N k+1 .
Lemma 23. There is an integer k such that each connected component of Sing N k (S k ) is a smooth curve transversal to N k . Hence the procedure described in paragraph 22 will terminate after a finite number of steps.
Proof. Notice that, for each ℓ, Sing N ℓ+1 (S ℓ+1 ) is the strict transform by π ℓ+1 of Sing N ℓ (S ℓ ).
Let C be an irreducible singular curve of a germ of manifold M of dimension 3 at a point o. Let γ : (C, 0) → C be the normalization of C. Let Γ be the semi group of the orders of the functions γ * f , f ∈ O M,o . Let m C be the smallest positive integer that belongs to Γ. The integer m C equals the multiplicity of C. Let n C be the infimum of Γ \ (m C ).
Let C be the strict transform of C by the blow up of M along a smooth line that contains o. Then
Hence the invariant does not get worse. Let C be the strict transform of C by the blow up of M along o. Then
Hence the invariant improves. The facts above show that there is an integer k such that Sing N k (S k ) is a union of smooth curves. Hence there is an integer ℓ such that Sing N ℓ (S ℓ ) is a union of smooth curves transversal to N ℓ . (a) somewhere along the process a curve that is not well behaved is produced,
Proof. Assume (a) holds. Then there is an integer ℓ such that a non well behaved curve is produced along the second sequence of blow ups
. We prove by induction in n, using Theorem 17, that for each n ≤ ℓ there is σ ℓ−n ∈ S ℓ−n ∩ N ℓ−n such that Σ
. We repeat the argument of the previous paragraph.
Assume (a), (b), (c) do not hold. Since (b), (c) do not hold, Σ N k σ (S k ) is finite for each σ ∈ S k ∩ N k . We can now show by induction in ℓ, using Theorem 17 and the fact that (a) does not hold, that Σ
Theorem 25. Let S be a surface of the germ of a complex manifold M at a point o. Assume Σ o (S) is finite. Let us blow up M at o. Let us apply the procedure described in paragraph 22 at each singular point σ of the strict transform S 0 of S that belongs to the exceptional divisor of the blow up. We obtain is this way a manifold M n , a normal crossings divisor N n and a surface S n such that at each point σ of S n ∩ N n , the germ of S n at σ is a quasi ordinary singularity relative to a projection ρ compatible with N n . Moreover, ∆ ρ S n ∪ ρ(N n ) is a normal crossings divisor at ρ(o).
Proof. By Lemma 23, Sing N k (S k ) is smooth and transversal to N k at smooth points of N k .
Let σ ∈ S k ∩ N σ k . The procedure of paragraph 22 relies on the procedure of paragraph 10. Therefore ∆ ρ k (S k ) ⊂ ρ k (N k ) for each projection ρ k compatible with the germ of N k at σ. Therefore S k is quasi ordinary at the singular points of N k .
By Theorem 24, Σ N k σ (S k ) is finite for each σ ∈ S k ∩ N k . By Theorem 6, S k is quasi ordinary at the regular points of N k that do not belong to Sing N k (S k ). By Theorem 7, S k is quasi ordinary at the points of Sing N k (S k )∩ N k .
Since C o ℓ (S 1 ) = {z = 0}, S 1 is non degenerated at o ℓ .
Let π 2 : M 2 → M 1 be the blow up of M 1 at o ℓ . Set x 1 = x 2 , y 1 = x 2 y 2 , z 1 = x 2 z 2 . If W 2 is the chart with coordinates (x 2 , y 2 , z 2 ), N 2 ∩ W 2 = {x 2 = 0} and S 2 ∩ W 2 is defined by the polynomial Since S 2 ∩ N 2 ∩ W 2 = {x 2 = z 2 (4z 2 − 1) = 0} and ∆ z 2 (S 2 ) = {x 2 y 2 (27x 2 y 2 2 + 8) = 0}, we need to analyse the points o 1 = (0, 0, 0) and o 2 = (0, 0, 1/4). Since Sing N 2 (S 2 ) equals {y 2 = 4z 2 − 1 = 0} in a neighbourhood of N 2 , it follows from Theorem 6 that Σ N 2 o 1 (S 2 ) is finite. Since m (a,0,1/4) (S 2 ) does not depend on a, for |a| << 1, it follows from Theorem 7 that Σ N 2 o 2 (S 2 ) is finite. Set x 1 = x 3 y 3 , y 1 = y 3 , z 1 = x 3 z 3 . If W 3 is the chart with coordinates (x 3 , y 3 , z 3 ), N 2 ∩ W 3 = {x 3 y 3 = 0} and S 2 ∩ W 3 is defined by the polynomial . Notice that π = π 1 • π 2 : M 2 → M 1 is the second sequence of blow ups of S. Since S 2 is quasi ordinary at each point it is quite easy to verify that Σ N 2 σ (S 2 ) is finite for each σ ∈ S 2 . It follows from Theorem 24 that Σ o (S) = Σ N o because the curve S 2 ∩ E 2 has a singularity, hence one of its irreducible components is not well behaved.
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